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Oscillators: Phenomenological Mappings and Analogies
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New analytical and numerical results of dynamics for both linear and nonlinear system with two degrees of freedom are
presented. For the mechanical chain system with two degrees of freedom, oscillations are investigated analytically and
numerically with corresponding comparison between free and forced oscillatory dynamics of linear and nonlinear system.
Using the Mihailo Petrovi¢’s theory of elements of mathematical phenomenology, the phenomenological mappings in
vibrations, signals, resonances and dynamical absorptions in models with two degrees of freedom — abstractions of different
real system dynamics are identified, as well as in eigen time functions of multi-deformable coupled body system dynamics, and
presented. Mathematical description of a chain mechanical system with two mass particles coupled by linear and nonlinear
elastic springs and with two degree of freedom is given. By the analysis of corresponding solutions for free and forced
vibrations, series of related two-frequency regimes and resonant states, as well as dynamical absorption states, are identified.

Phenomenological mappings are used to explain dynamics in two deformable body (beams, plates or membranes) systems.

In short, new analytical and numerical results of linear and non-linear dynamics of a system with two-degrees of freedom in
analogy with eigen time functions oscillations of transversal vibrations of two body system dynamics are presented. Structural
analogies are identified between eigen time functions of different multi-coupled deformable body transversal vibrations
(plates, beams, belts or membranes). Mathematical phenomenology elements and phenomenological mappings are applied in
the scientific results integration. Mathematical analogy and phenomenological mappings of linear and nonlinear singular
phenomena in discrete and multi-body system vibrations (torsional system, multi-pendulum system, coupled electrical circuit
and multi-deformable-body oscillations-beams, plates, membranes) are performed. Structural analogy is used to explain
phenomenological mappings between displacements of the mass particles in discrete system and eigen time functions in one
eigen amplitude mode of dynamics in two coupled deformable body (beams, plates or membranes) systems.

Keywords: nonlinear dynamics, osillations, free oscillations, forced oscillations, discrete system, continuous system, oscillator.

Introduction

EW analytical and numerical results of linear and

nonlinear dynamics of two degrees of freedom system
analysis are presented in our Reference [14]. For mechanical
chain system with two degrees of freedom the oscillations in
no resonant as well as resonant case expressions of solution
are derived. In cited Reference [14], using a direct numerical
experiment over the corresponding system of differential
equations, a series of graphical presentations is presented.
Comparison between linear and nonlinear system and
oscillatory, free and forced dynamics gives some conclusions.
Also, the analysis of the total mechanical energy of the system
is analyzed. Using the Mihailo Petrovi¢’s theory [20-22] of
mathematical phenomenology elements and phenomeno-
logical mappings in vibrations, signals, resonances and
dynamical absorptions in models of two degrees of freedom
system dynamics — abstractions of different real system
dynamics are identified and presented by a figure containing
different physical models of dynamical systems. By using the
mathematical description of a chain mechanical system with
two mass particles coupled by linear elastic and nonlinear

elastic springs and two degrees of freedom expressed by
corresponding generalized independent coordinates -
translator displacements and corresponding analysis of
solutions for free and forced vibrations series of
corresponding two-frequency regimes and resonant states as
well as dynamical absorption states are identified. Using these
results and mathematical analogy and phenomenological
mappings, it is possible to make a corresponding analysis of
series of dynamics of other two degrees of freedom models
and their dynamics (torsional system, double pendulum
system, double electrical circuits).

In References [26-27], authored by Raskovi¢ D., the series of
examples of electromechanical analogous vibration chain
systems are presented. Mathematically described homogeneous
chain dynamics and corresponding system of linear ordinary
differential equations are solved by a trigonometric method for
different cases of both end conditions.

The interest in the study of coupled plates as new
qualitative systems [12-13] has grown exponentially over the
last decades because of the theoretical challenges involved in
the investigation of such systems. Recent technological
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innovations have caused a considerable interest in the study of
component and hybrid dynamical processes of coupled rigid
and deformable bodies (plates, beams and belts) denoted as
hybrid systems, characterized by the interaction between
subsystem dynamics, governed by coupled partial differential
equations with boundary and initial conditions.

In References [23] "Phenomenological mapping" and [24]
"Elements of mathematical phenomenology", as well as in
“Mecanismes communs aux phenomenes disparates”[25],
written by M. Petrovi¢, the theoretical background for
integrations of the results obtained in different areas of
sciences on the basis of mathematical analogy is given.

References [18-21], by Mitropolyski, contain series of
different asymptotic methods of nonlinear mechanics known
as the Krilov-Bogolyubv-Mitropolyski asymptotic method
that is applicable for investigation of the nonlinear
phenomena around the known solutions of corresponding
linear or nonlinear differential equations.

In the following, we shall analyze linear and nonlinear
vibrations of a non-linear system with two deformable body
degrees of freedom oscillations together with the comparison
of vibration properties and related phenomena [14], [6], [12-
13], [23] and [8-9].

Amplitude frequency graphs and interactions of
nonlinear modes for small nonlinearity

Let us consider two non-linear oscillators in an interaction by
a non-linear spring. Corresponding system parameters are:
my, ¢, ¢, by and my, ¢,, ¢, b, and for coupling spring ¢, ¢ .
These oscillators coupled by a spring present a chain nonlinear
system with two-degrees of freedom. In Fig.1 two nonlinear
oscillators (a*), each with one degree of freedom, excited each by

one one-frequency external excitation Fy; cos(Q;t+ 8, ) ,i=1,2

and (b*), two non-linear oscillators in interactions coupled by a
nonlinear spring, are presented. In Fig.1(b*) coupled two
oscillators present a new chain nonlinear system with two-
degrees of freedom and loaded by two external forces with
different forced frequencies. In Fig.1(c*) two nonlinear
oscillators in interactions coupled by a nonlinear spring, a linear
dempher and a rolling element [4.5] present a new chain
nonlinear system with two-degrees of freedom and loaded by two
external forces with different forced frequencies.
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Fugure 1. Two nonlinear oscillators (a*), each with one degree of freedom
excited each by one frequency external excitation. (b*) Two oscillators in
interactions coupled by a nonlinear spring — new chain nonlinear system with
two-degrees of freedom and loaded by two external forces with different
forced frequencies. (¢*) Two nonlinear oscillators in interactions coupled by
a nonlinear spring, a linear damper and a rolling element — new chain
nonlinear system with two-degrees of freedom and loaded by two external
forces with different forced frequencies.

Energy change in each of the nonlinear oscillators with one
degree of freedom is [4-6], [15]:

d (Ek( i) + Ep(z)) = —2q)(,) +5c,~Fo,- COS(Qit-i- 190,)

dt )
i=12,

Energy change in the system with coupled oscillators in the
forced regime is:
i=2
jt(Ek +E,) =20+ 5Fycos(Qt+S) ()
i=1

where the total mechanical energy is done by the known
expression and the Railygh function of dissipation energy is in

the form:
Zb 24l b

System of governing differential equations for describing
nonlinear dynamics of the coupled oscillators presented in
Fig.1.b* are:

q):q)(])"’_q)( +q)mte; = xl )2 (3)

jé] +2§1x1 +(a)|2 +a12) a1 Xy — 26‘1] (x2 )
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For obtaining asymptotic approximation of solutions of the
previous system (4) of non-linear differential equations for a
small nonlinearity we take into account the case that external
excitations are with small amplitudes of the forces and that
Q; ~ p;,. i=1,2 frequencies are in interval of the resonant

i=12 of
corresponding linear system to system (4). We propose the
first asymptotic approximatin of solutions in the forms:

range of eigen circular frequencies p;.

xi (1) = K$e Ry (1) cos @, (¢)+
+KDe™ Ry (1) cos D, (1)

X, (1) = Ke Ry (1) cos @, (¢)+
+K e R, () cos D, (¢
O, (1)=Qit+ ¢ (1),

a;(t)=e"Ri(¢), i=12
@ (1) =0, (¢)-Q;t, i=1,2, of the phases in first asymptotic

©)

where full phases i=1,2, and

amplitudes and difference

approximations are difined by a system of differential
equations of the first approximations along R, (¢),i=1,2, and

@ (¢), i=1,2,inthe following form [14-17], [2-3], [23] and
[12-13]:

Ko

Ri(t)=——
[+ 0 (0] KDKE - kYK |

hoy singy (1)
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In the previous systems KS() =k (ps), k=12; s=1,2
are cofactors of characteristic determinant of the
corresponding linear system to nonlinear, for characteristic
number of the corresponding linear system to nonlinear, p;,
i=1,2 are damped eigen circular frequencies — imaginary
part of roots of characteristic determinant (equation) of the
corresponding linear system to nonlinear, and &; i=1,2 are

real part of the roots of characteristic determinant (equation)
of the corresponding linear system to nonlinear.

Previous system of differential equations (6) is to be
analyzed numerically. For obtaining the stationary resonant
amplitude-frequency and phase-frequency curves in the first
approximation, it is necessary to put in the first aproximations

along ¢;(¢)=0, i=12 and ¢ (¢)=0, i=12 then we

obtain the following nonlinear algebraic equations in the
following form:

a (1) = fi(a (). (). (1), 02 (1), €, ) =0
()= fo((a (). 01 (2)a2 (1), (£),€1,Q,)) = 0
a (1) :f3((a1 (1),01(2),a (1), (t)»leQz))ZO

¢2(6)= fi((a (1), (1), @2 (1), (1), 21, 22)) =0 (7)

After the numerical analysis of the previous system of coupled
algebraic nonlinear equations along the stationary values of

stationary amplitudes a; (1) =e%'R; (¢), i=1,2 ,and stationary
difference ¢, (t) = @, (1)—Qt, i =1,2 , of the phases in the first
asymptotic approximation and in different resonant frequency
intervals of external excitation frequencies
Q, e(pi~Api, pi+AP;), =12, taking into account fixed
discrete values of these frequencies Q;~p;, i=1,2 . Supposing
that one external excitation frequency Q, or Q, is fixed, and the
other changes for discrete values in interval around corresponding
eigen damped circular frequency p;, i=1,2, it is possible to
obtain numerous amplitude frequency and phase frequency graphs:
a; (1)=g;(, Q) and ¢, (1) =g; (Y, Q,), i=1,2,incase

that Q, # constant and €, =const or Q, =const and
Q, # const .
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Figure 2. Amplitude-frequency and phase-frequency curve for a chain system
with two-degrees of freedom in forced regime excited by external two forces with
different frequencuies in stationary resonant regime: inteactions of forced nonlin-
ear modes in analogous mechanical and electrical non-linear system.

Taking into account that the same type of the system of
nonlinear differential equations in the first asysmptotic
approximations (7) is obtained for the amplitudes and phases of

eigen nonlinear modes amplitudes a; (¢) = e*R; (¢), i=1,2

and stationary difference ¢, (¢)=®,(1)-Qt, i=12, of
phases in the first asymptotic approximations of eigen time
functions in one eigen amplitude mode of double plate system
dynamics (for details see References [12, 13, 23] and similar
[L1]), it is possible to indicate a mathematical analogy and
phenomenological approximate mappings between the amplitude
frequency and phase frequency graphs: a; () = g; (€, Q, ) and

@ (t)=8:(2,9,), i=12,incasethat Q, # constant and

Q, = const or Q, = const and Q, # const . By using similar or
same numerical data we can compose graphs of characteristic
amplitude—frequency and phase-frequency curves presented in
Figures 2 and 3 for qualitative properties of nonlinear phenomena
in amplitudes and phases of mass particle displacements for most
like two frequency regimes [12, 13, 26].
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Table 1. Elements of qualitative and mathematical analogies of non-linear system dynamics energies: a* mechanical non-linear system and b* electrical non-linear
system with two-degrees of freedom and c* approximative energy carried on the eigen time function in one eigen amplitude form of double membrane oscillations

coupled by non-linear discrete continuum dissipative layers
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Figure 3. Amplitude-frequency and phase-frequency curve for a chain system
with two-degrees of freedom in forced regime excited by the external two
forces with different frequencies in the stationary resonant regime: interac-
tions of forced nonlinear modes in analogous mechanical and electrical non-
linear system.
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Table 2. Elements of mathematical phenomenology of a linear and a nonlinear dynamics system with one degree of freedom in forced regime under single
frequency force and a system with two-degrees of freedom in forced regime excited by two periodic forces.
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It is visible that with the changes of discrete values of the first
external ~ excitation  frequency in  an  interval

Q, €(pr—Apy, py+Apy) and for a fixed value of the second
external excitation frequency constant, QQ,=const, it is possible to
obtain different shapes of amplitude-frequency and phase-
frequency curves a(f)=g~(Q,X) and ¢, (1) = &; (€;,Q, ) with

stable and unstable values and branches [23].

In Figures 2 and 3, the electric chain system with two
couples non-linear electrical circle containing a nonlinear
capacitors, and excited by two periodical electric voltages

Voi cos(Qt+ %), =12 are structural analogous with

considered mechanical system and it is possible to indicate
phenomenological mappings in asymptotic approximations of
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the nonlinear phenomena in stationary resonant regimes and
to use amplitude—frequency and phase-frequency graphs for
describing stationary resonant amplitudes and phases of
capacitor charge during nonlinear vibrations. It is also
possible to indicate resonant jumps in the capacitor charge.
In Table 1 the element of mathematical phenomenlogy of
qualitative and mathematical analogies of a non-linear system
of dynamics energies is presented: a* mechanical non-linear
system with two-degrees of freedom and b* electrical non-
linear system with two-degrees of freedom and c*
approximative energy car ried on an eigen time function in
one eigen amplitude form of a double membrane oscillation
coupled by nonlinear discrete continuum dissipative layers.
In Table 2, in the first two columns, the elements of
mathematical phenomenology of a linear and nonlinear
dynamics system with one degree of freedom in the forced
regime under single frequency force in mathematical analogy
are presented. In Table 2, in the third column, the elements of
mathematical phenomenology of a nonlinear system dynamics
with two-degrees of freedom in the forced regime excited by
two periodic forces with different frequencies are presented

Structural analogy

The Reference [18] is addressed to the phenomenological
mapping and mathematical analogies of the oscillatory
regimes in the systems of coupled deformable bodies. The
systems consist of coupled deformable bodies like plates,
beams, belts or membranes with corresponding boundary
conditions (see Figures 4, 5 and 6) that are connected through
visco-elastic non-linear layer, modeled by continuously
distributed elements of the Kelvin-Voigt type with
nonlinearity of the third order. Using the mathematical
analogies, the similarities of structural models in the systems
of plates, beams, belts or membranes are obvious. The
structural models consist of a set of two or corresponding
numbers of coupled non-homogenous partial non-linear
differential equations. The problems to solve are divided into
space and time domains by a classical Bernoulli-Fourier
method. In the time domains the systems of coupled ordinary
non-linear differential equations along eigen time functions in
each eigen amplitude form are completely analog for different
systems of deformable bodies and are solved by using the
Krilov-Bogolyubov-Mitropolskiy asymptotic method [22-24].
This paper presents the beauty of mathematical analytical
calculus which could be the same even for physically different
systems.

The mathematical numerical calculus is a powerful and
useful tool for making the final conclusions between too many
input and output values. The conclusions about nonlinear
phenomena in multi body systems dynamics have been
revealed from the particular example of double plate’s system
stationary and no stationary oscillatory regimes.

?, "-ﬁ’!"i‘t MEw)

IR L I
; Iv.frf‘ £ ]
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N (0) ¥ N(r,pu(r,0)

a* b*

Figure 4. a* An elastically connected double circular plate system; b* A
visco-elastically connected double circular plate system
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Figure 5. (a*) Three membranes (or plate) and (b*) three beams (or belts)
coupled by standard discrete continuum fractional order layers into hybrid
fractional order multi deformable body systems.
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Figure 6. Models of hybrid multi deformable body systems with analogous eigen
time functions in each of the corresponding eigen amplitude shape: a* two plate
hybrid system coupled by visco-elastic fractional order layer with translator and
rotator inertia properties, b* two membrane hybrid system coupled by visco-elastic
fractional order layer with translator and rotator inertia properties and c* two beam
hybrid system with visco-elastic fractional order layer with translator and rotator
inertia properties with analogous eigen time function in each of corresponding
eigen amplitude shapes; d* five circular membrane hybrid system with visco-
elastic fractional order layer and e* five rectangular membrane hybrid system with
visco-elastic fractional order layer with analogous eigen time function in each of
corresponding eigen amplitude shapes.

Using the analytical results as well as numerical and
graphical presentation of amplitude frequency graphs from
paper [18] and analytical and numerical results presented in
the previous part Amplitude frequency graphs and
interactions of nonlinear modes for small nonlinearity, for
nonlinear dynamics of chain system with two degrees of
freedom, we can identify analogy between these listed results.
Eigen time functions in each eigen amplitude form of coupled
multi-bodies (plates, beams, belts or membranes) in a hybrid
system are multi-frequency with accordance with a number of
coupled bodies that correspond to the system dynamics of a
chain with corresponding number of degrees of freedom.
Analysis gives us structural, mathematical and qualitative
analogies based on the elements of mathematical
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phenomenology [26-28] and [29-30]. Then all results of the
analysis of linear and nonlinear dynamics with graphical
presentation in our paper [14]: Oscillators: Phenomenological
mappings and analogies — First part: Mathematical analogy
and chains - , are useful to use for explanation nonlinear
phenomena [15-17, 8-9] of corresponding eigen time function
in corresponding eigen amplitude form of transversal hybrid
system that consists of multi bodies coupled by a discrete
continuum layer, as in References [20], [4-6], [11-14] and
[18-19]. The chapter is addressed to the phenomenological
mapping and mathematical analogies of oscillatory regimes in
systems of coupled deformable bodies (plates, beams, belts or
membranes). On the basis of this theory it is possible to make
the integration of contemporary knowledge obtained in
various areas of sciences and to identify analogous dynamics
and phenomena [21, 26, 1, 8-9, 10]. Phenomenological
mapping of the phenomenon and models enables multiple
system dynamics models of a disparate nature to be described
by a single mathematical model. The well-known example is
a mathematical analogy of electrical circuit consisting of a
resistor, an inductor, and a capacitor, connected in series or in
parallel with simple harmonic oscillator. Raskovi¢ [29-30]
gives a series of examples for -electromechanical
mathematically analogous vibration systems mathematically
described and solved for free vibrations.

The theory of Mihailo Petrovi¢ Alas, presented in two
books and a paper [26-28], contains the elements of
mathematical phenomenology and phenomenological
mapping. Both publications were published in Serbian and
only a small number of his contemporaries were able to read
and understand this theory. The idea of mathematical
phenomenology of M. Petrovi¢ was presented in his works
entitled “Phenomenological Mapping” [25], containing the
following chapters: The mapping of facts; General notation of
mapping; Conventional mapping; Natural mapping; Mutual
particularities of facts and Elements and properties
(essentials) of facts. Alas's theory defines two tips of analogy:
qualitative and mathematical analogy. ‘“Phenomenological
Mapping” by M. Petrovi¢ Alas and his mathematical
phenomenology and mathematical analogy can be considered
to be the continuation of the ideas of Poincare’s mapping and
as one of the researchers in the row leading to modern
researchers who contributed to different kinds of mapping in
the research of non-linear dynamics and dynamical systems.
For example, nowadays, in the research of non-linear
dynamics, Smale’s horseshoe mapping is used in the vicinity
of the homoclinic unstable point. At the time of the computer
and software tool expansion, Roger Penrose (1989), and
James Glaick (1987), had similar ideas that were later applied
in graphical —computer techniques [18].

Concluding Remarks

In this paper, as well as in our previous one [14], new
analytical and numerical results with corresponding graphical
presentations of linear and nonlinear free and forced
oscillations of two degrees of freedom chain system analysis
are presented. Solutions for mechanical chain system with
oscillations having two-degrees of freedom in no resonant as
well as resonant case are derived. Also, a structural analogy is
defined and an analogy between displacements of the chain
oscillator with two degrees of freedom and eigen time
functions of a double body hybrid system is pointed out. .

The first asymptotic approximation of the solutions for
mechanical nonlinear chain system with a small nonlinearity,
having two-degrees of freedom in no resonant as well as

stationary resonant cases is derived. By using direct analogy it
is possible to apply these results to eigen time functions of
double body hybrid system dynamics. Obtained amplitude-
frequency and phase-frequency graphs for the chain system is
possible to use for the analysis of the phenomena of eigen
time functions of double body system dynamics defined in the
paper.

Using the Mihailo Petrovi¢’s theory of mathematical
phenomenology elements, phenomenological mappings in
linear and nonlinear vibrations, phenomena, signals,
resonances and dynamical absorptions in models of two
degrees of freedom system dynamics — abstractions of
different real system dynamics are applicable for eigen time
functions of transversal vibrations of double body system
dynamics.
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Oscilatori: Fenomenolosko preslikavanje i analogije
Drugi deo: Strukturna analogija i lanci

Predstavljeni su novi analiti¢ki i numericki rezultati o dinamici linearnih i nelinearnih sistema sa sva stepena slobode
kretanja. Za mehanicke sisteme sa dva stepena slobode kretanja izu¢avane su, analiti¢ki i numericki sa odgovarajué¢im
poredenjima svojstava izmedu sopstvenih i prinudnih reZima, oscilatorne linearne i nelinearne dinamike u njima. Koriste¢i
teoriju Mihaila Petrovi¢a - Elementi matematicke fenomenologije i Fenomenolosko preslikavanje, u oscilacijama, signalima,
fenomenima rezonancija i dinamickoj apsorpciji u modelima sa dva stepena slobode dinamika apstrakcija razli¢itih modela
realnih sistema identifikovane su matematicka i kvailitativne analogije sa sopstvenim vremenskim funkcijama transverzalnih
oscilacija sistema viSe spregnutih deformabilnih tela (plo¢a, greda, traka ili membrana) i predstavljene. Matematicki opis
jednog mehanickog lanca sa dvema matrijalnim takama spregnutim linearno elastinom ili nelinearno elasti¢nim oprugama i
sa dva stepena slobode kretanja je prikazan zajedno sa odgovaraju¢om analizom Kkinetickih parametara u analogiji sa
sistemom dvaju spregnutih tela diskretno-kontinualnim spojem. Analizom odgovarajuéih reSenja za sopstvene i prinudne
dvofrekventne reZime oscilacija i rezonantnih stanja, kao i stanja dinamicke apsorpcije doslo se do novih saznanja o
interakeiji modova u nelinearnoj dinamici. Kori§¢enjem matematicke analogije i fenomenoloskog preslikavanja svojstvenih
fenomena izu¢avanog mehanickog sistema, pokazano je da se ta saznanja mogu Koristiti za saznanja o fenomenima i
svojstvima dinamika drugih apstrakcija realnih sistema modelima sistema sa dva stepena slobode oscilovanja (npr. dvojnog
klatna, ili modela torzijskih oscilacija vratila sa dva diska, ili dvojnog elektri¢nog kola, kao i transverzalnih oscilacija
spregnutih dveju greda, ili plo¢a ili membrana). Fenomenolosko preslikavanje je koriS¢eno za objasnjavanje dinamike
sopstvenih vremenskih funkcija u sistemu spregnutih jednakih deformabilnih tela (greda, plo¢a, ili membrana).

I u najkracem, analiti¢ki i numericki rezultati linearnih i nelinearnih dinamika sistema sa dva stepena slobode su prikazani
kao univerzalni, koji se mogu preneti i na razli¢ite druge sisteme analogijama i preslikavanjima linearnih i nelinearnih

fenomena.

Kljucne reci: nelinearna dinamika, oscilacije, sopstvene oscilacije, prinudne oscilacije, diskretni sistem, kontinualni sistem,

oscilator.
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OcunIATOpPhI: (PEHOMEHOJIOTHYeCKOe 0TOOPAKEeHHE U AHAJIOTHH
BTopast 4acTh: CTPYKTYPHAasi AHAJIOTUSA U HEeMOYKH

3nech npeacTaBIeHbI HOBbIE AHATHTHYECKHE U YHCJIeHHBIE Pe3yJIbTAThI 10 JHHAMHKE THHEHHBIX U HeJTHHeHHBIX CHCTEM €O
BCEMH CTelleHsIMH CBO0OO/IbI ABH:KeHHUs1. [lJ1sl MeXaHHYeCKHX CHCTEM ¢ ABYMsI CTelleHsIMH CBOOO/IbI ABHKeHHSI AHATUTHYECKH
H YHCJICHHO H3Y4aI0TCS KoJledaTe/IbHbIe JMHeliHbIe U HeJTMHEeiiHbIe IHHAMMKHU B HUX, CO COOTBETCTBYIOIIIMMHU CPAaBHEHUSIMH
CBOICTB MeKIYy COOCTBEHHBIMH M BBIHY:KIeHHbIMM pe:xxuMamu. Ucnoab3ys teopuio Muxaiisia IlerpoBuya JieMeHTHI
MaTeMaTH4ecKoi (peHoMeHoIorMH 1 DeHOMEHOJOrHYECKHE 0TOOPasKeHus], B K0Je0aHHUsX, B CHIHA/IAX, B Pe30HAHCHBIX
(peHOMEHAX U B SBJIEHHSIX THHAMHYECKOI'0 MOIJIOIMIEHHS] B MOJE/IAX C ABYMSI CTeIleHSIMH CBOOO/IbI IBHKEHHS] THHAMUKH
a0CTpaKUMH Pa3IMYHBIX Mojeseil peajJbHbIX cHcTeM, ObLIH ONpedeleHbl M MpPeACTABIEHbI MaTeMaTHYeCKHe H
BBICOKOKAYEeCTBEHHbIE AHAJOTHH CO COOCTBEHHBIMHM (YHKIMSIMH BPEMEHH NOINEPeYHbIX Koj1e0aHui cHcTeMbl 0osee
COeIMHEHHBIX JeopMHUpYeMbIX TeJ (IUVIMTHI, IVIMTKH, MOJI0CHI WM MeMOpaHbl). MaTeMaTHyeckoe ONMMCaHHe OTHOM
MeXaHHYECKOli Lenu ¢ ABYMsl MATePUAILHLIMH TOYKAMH B COYETAHHH C JMHEHHBIMH YNPYrMMH WM HeJIHHEHHBIMH
YIPYTHMH NPYKHHAMH H C JABYMSl CTelleHSIMH CBOOOJBI ABH:KEHHsI IOKA3aHO BMeCTe ¢ COOTBETCTBYIOLIHM AHAIH30M
KHHETHYECKHX NapaMeTPOB 10 AHAJIOTHH C CHCTeMOH JABYX COeJMHEHHBIX TeJl NPH NOMOILH AUCKPETHO-HeNPepbIBHOIO
COCJMHEHHUsl. AHAJIM30M COOTBETCTBYIOIIMX PELICHUH I MX COOCTBEHHBIX H BbIHYK/ICHHBIX IBYX4YaCTOTHBIX PEKUMOB
Ko0J1e0aHuii H Pe30HAHCHBIX COCTOSIHMIA, 2 TAKKe H COCTOSIHUIT JTHHAMUYECKOT0 MOIIOINEeHHUsT, H0JIyYeHbI HOBbIe BBIBOALI H
pe3yJbTaThl 0 PeKUMAX B3aMMOJEHCTBHS B HelMHeiiHol JuHaMuKke. C MCIO/Ib30BaHHEM MATEMATHYECKO aHAJOIHU ¥
(eHoMeHOI0rHYecKOro 0TOOPAaKeHHs XaPAKTePHBIX sIBJICHHI U (JeHOMEHOB HC/IeI0BAHHOI MeXaHHYeCKOl CHCTEeMbI, ObL10
MOKA32HO, YTO ITH 3HAHUS H Pe3yJIbTATHI MOTYT ObITh HCII0Jb30BAHBI KAK BBIBO/IbI 0 )eHOMEHAX U sIBJICHUSIX H CBOHCTBAX
JAMHAMHK HEKOTOPBIX APYIbIX a0CTPAKIMIi pealbHbIX CHCTEM NPH NOMOLIU MO/IEIH CHCTEM C ABYMSI CTeNeHsIMH CBOOO/IbI
Kos1e0aHuii (Hanpumep, ABOIHOI0 MasiTHUKA, MJIM MOJIe I KPYTWJIbHBIX KoJ1e0aHUi Bajia ¢ IBYMsI IMCKAMH, HJIM ABOHHOI
3JIEKTPHYECKOii CXeMbl, 2 TAKKe H NoNlepeYHbIX Ko/1e0aHuii Mexy IByMs CoeMHEHHBIMH 0aIKaMH, HIH IVIACTHHAMM, HJIH
MemOpaHamu). @eHOMEHOJIOTHYEeCKOe O0To0pakeHHe ObLI0 MCHOJb30BAHO /151 00bSCHEHUS] THHAMHKH COOCTBEHHBIX
(yHkuuii BpeMeHH B cucTEMe COeIMHEHHBIX HIEHTHYHBIX Je(opMupyeMbIX TeJl (6aJKH, IVIMTHI MM MeMGpaHbl). Kopoue
TrOBOPSl, AHANMTHYECKUE M YHCICHHbIC Pe3yJbTAThl JIMHEHHBIX U HEJIMHEHHBIX JMHAMHUK CHCTEM C ABYMS CTeNEHSAMH
€B00O/IbI IBHKEHHS MPEICTABIEHbI KAK YHHBepPCAJIbHbIe, KOTOPbIe MOTYT OBITh IlepeJaHbl B PA3JIHYHbIe APYrHe CHCTEMBbI
nyTéM aHAJOTMii U 0TOOPaKEeHUIH JIMHEHHbIX U HeJIMHEeHHBIX sIBJICHUN U ()eHOMEHOB.

Kniouegoie cnosa: HeJIMHelHasi AMHAMMKA, KOJIeOaAHUSs1, COOCTBEHHbIE KOJIe0aHNs, BbIHYKICHHbIE KOJIe0aHHs, IUCKPeTHas
cucTeMa, HelmpepbIBHAsI CHCTEMA, OCHUJLISTOP.

Oscillateurs: correspondance phénoménologiques et analogies
Deuxieme partie: analogie structurale et les chaines

Les nouveaux résultats analytiques et numériques pour la dynamique des systemes linéaires et non linéaires concernant tous
les degrés de liberté de mouvement sont présentés dans ce papier. Pour les syst¢tmes mécaniques a deux degrés de liberté de
mouvement on a étudié numériquement et analytiquement , avec les correspondances entre les régimes libres et forcés, les
dynamiques oscillatoires linéaires et non linéaires. En usant la théorie de Mihailo Petrovic « Eléments de la phénoménologie
mathématique « et « Correspondance phénoménologique « chez les oscillateurs , les signaux, les résonances et ’absorption
dynamique dans les modéles a deux degrés de liberté — abstraction de différents systemes réels dynamiques ont été identifiés
comme les analogies mathématique et qualitative avec les fonctions temporelles des systémes d’oscillations transversales des
corps couplés multi déformables (plaques, rubans ou membranes) et présentés. La description d’une chaine mécanique a deux
points matériels couplés linéairement par les ressorts élastiques linéaires ou non linéaires et a deux degrés de liberté de
mouvement est présenté avec I’analyse des paramétres cinétiques. En analysant les solutions pour les régimes des oscillations
propres ou forcées a deux fréquences ainsi que les états de résonance et de ’absorption dynamique on a identifié les nouvelles
connaissances sur I’interaction des modes dans la dynamique non linéaire . Par ’analogie mathématique et la correspondance
phénoménologique des phénoménes du systéme mécanique étudié on a démontré que ces connaissances pouvaient s’ utiliser
pour examiner les propriétés de la dynamique chez les autres abstractions des systémes réels (par exemple : double pendule,
modéle d’oscillations torses d’ensouple a deux disques, circuit électrique double, oscillations transversales des deux poutres
couplées, plaques et membranes). La correspondance phénoménologique s’utilise pour expliquer la dynamiques des fonctions
temporelles propres dans le systéme des corps identiques couplés et déformables (poutres, plaques ou membranes). En brefles
résultats analytiques et numériques des dynamiques linéaires ou non linéaires du systéme a deux degrés de liberté sont
présentés comme universels et peuvent s’employer chez les autres systémes par analogie et correspondances des phénomenes
linéaires ou non linéaires.

Mots clés: dynamique non linéaire, oscillations, oscillations propres, oscillations forcées, systéme discret, systéme continu,
oscillateur.





